Controlling the forbidden gap of graphene nano-ribbons (GNR) is a major challenge that has to be attained if this attractive material has to be used in micro-and nano-electronics. Using an unambiguous notation {m,n}-GNR, where m(n) is the number of six carbon rings in the arm-chair (zig-zag) directions, we investigate how varies the HOMO-LUMO gap when the size of the GNR is varied by increasing either m or n, while keeping the other variable fixed. It is shown that no matter whether charge-or spin-density-waves solutions are considered, the gap varies smoothly when n is kept fixed whereas it oscillates when the opposite is done, posing serious difficulties to the control of the gap. It is argued that the origin of this behavior is the fact that excess or defect charges or magnetic moments are mostly localised at zig-zag edges.
I. INTRODUCTION
Major improvements in bottom-up tecnologies are allowing the fabrication of Graphene Nano-Ribbons (GNR) with welldefined shape and size [1] [2] [3] [4] [5] [6] [7] [8] [9] [10] [11] [12] [13] . This is opening the possibility of controlling the forbidden band gap 12, 14, 15 and, thus, widen the range of technological applications of graphene [16] [17] [18] . Measuring the nanoribbon conductance and/or using Scanning Tunneling Spectroscopy (STS) to determine the Local Density of States (LDOS) have allowed the researchers obtaining valuable information on the electronic structure around the HOMO-LUMO gap. Results have been already published for 7-AGNR (see below for notation) 1,9,10,12 and 13-AGNR 8 . Although most data were taken on ribbons adsorbed on (111) surface of fcc metals, very specially on Au(111) [8] [9] [10] 12, 19 , recently, several auhors have been able to lift off the surface a single graphene nanoribbon 1, 12, 13 by controlled pulling of one of the ribbon's ends using a STM. This technique is being applied to a variety of studies of considerable interest 2, 4 : i) keeping one of the GNR's end attached to the tip the ribbon was characterized before and after lifting by imaging and spectroscopy 12 , ii) a reliable transfer process of the lifted layer has allowed the investigation of the transistor performance of GNR 13 , iii) more recently, transferring the GNR to a thin NaCl deposit onto a gold substrate has allowed, according to the authors of Ref. [1] , a reliable characterization of the electronic structure of the ribbon. Several techniques have been developed to produce GNR free of defects 4 , albeit in most cases GNR are fabricated by means of bottom-up techniques on metal (preferently gold) surfaces and with the help of STM 1, 2, 4, 8 . Recently etching of larger pieces of graphene has also been utilized 19 . Alhough these techniques have, up to recently, only been applied to fabricate ribbons with arm-chair edges and rather narrow in the zig-zag direction, several works have been published in the current year that, modifying the procedures used to fabricate GNR with arm-chair edges, reports successful fabrication of ribbons with zig-zag edges 1, 2, 19 . The strategy followed in those works consists of growing the ribbon not along the direction of the carbon-halogen bond, but at an angle of either 30 or 90 to it. The method, altnough not free of vacancies and kinks that distort the edges, has a reasonable reliability having allowed topological and spectroscopic studies 19 . In the present work we investigate how the forbidden gap (actually the HOMO-LUMO gap) varies as a function of the nano-ribbon length for several widths and either zig-zag or arm-chair edges. Albeit in the latter case the gap varies smoothly with the ribbon's length, in the former it oscillates making far more difficult obtaining ribbons with a defined gap width.The reason for this harmful behavior is that either staggered magnetization or charges are mostly located in the zig-zag edges. Then, if increasing the ribbon length does not imply varying the number of zig-zag atoms one may expect a rather constant gap. The opposite should occur when length is increased along the zig-zag direction. Our numerical results confirm these conjectures. Although in our previous work we discarded spin polarised solutions arguing that, i) once the mono-determinantal approximation for the manybody wavefunction is abandoned it is likely that charge density wave (CDW) solutions become more favorable, and ii) no experimental evidence of spin-polarized edges has been found whatsoever 1 , in this work spin density wave (SDW) solutions are also considered as they have been investigated by many different theory groups. In addition, each axis has to be associated with a particular edge type; in our case we choose the x axis to correspond to the armchair edge and the y axis to the zig-zag edge. In the more standard notation of Ref. [14] 
Eventually, a core, constant term may be added to account for the contribution of the rest of non-π electrons to the total energy [28] [29] [30] [31] . The non-interacting term is written as:
where the operatorĉ † iσ creates an electron at site i with spin σ, ǫ 0 is the energy of the orbital, N is the number of orbitals and t ij is the hopping between nearest neighbor pairs <ij > (kinetic energy).
In cases where the distance d ij between nearest neighbors pairs <ij> significantly varies over the system, the hopping parameter may be scaled. For instance in some PAH or even in defective graphene the C-C distance may differ from its standard value d 0 = 1.41Å. In such cases one may use a scaling adequate for π orbitals 33 , namely
where t 0 is a fitting parameter. The assumption in using scaling laws is that the interatomic distance will always be close to d 0 , as occurs in most cases. The interacting part is given by:
where U is the on-site Coulomb repulsion, V ij is the inter-site Coulomb repulsion and the total electron density for site i iŝ
In incorporating the Coulomb interaction V ij one may choose the unscreened Coulomb interaction 34 , although it is a common practice the use of some interpolating formula. In the case of PAH that proposed by Ohno 35 has a wide acceptance,
Using this interpolation scheme implies that no additional parameter is introduced and, consequently, U remains as the single parameter associated to interactions.
B. Cluster Notation
The notation used to identify graphene nano-ribbons (GNR) is illustrated in Figs. (1) and (2) . Actually is identical to that proposed in Ref. [6] . Each GNR is characterised by two indexes {m, n} denoting the number of benzene rings in the armchair direction m (or x direction) and the zig-zag n (or y direction). This avoids possible ambiguities derived from an earlier and widely used notation which explicitly referred to arm-chair GNR (N z -AGNR) or zig-zag GNR (N a -ZGNR) ribbons 14 . It is useful connecting the present notation with the latter one proposed to name infinitely long ribbons (in infinitely long ribbons the ambiguities mentioned in the caption of Figs. (1) do not longer show up. In a ribbon infinitely long in the arm-chair (zig-zag) direction N a = 2n + 1 (N z = 2m), where N a (N z ) the number of edge atoms in each case. The advantages of the notation used here are clearly illustrated in the just mentioned Figures.
C. Procedures
As noted above, in this work, the PPP Hamiltonian has been solved within the UHF approximation. All two operators terms (as given by Wick's theorem) conserving charge and spin have been included: The non-diagonal term plays an important role whenever crystalline periodicity is absent. These includes interaction between distant defects, presence of impurities or surfaces, etc. 25, 32 . The correct description of small finite systems like GNRs also requires such a careful description.
The parameter values used hereafter have been derived from exact solutions of many spin states of neutral and charged small molecules [28] [29] [30] [31] . They are: ǫ 0 =-7.61 eV, t 0 =-2.34 eV and U =8.29 eV. Clusters containing up to about 1000 π-orbitals have been investigated in this work. This has required the use of a simplified treatment of interactions such as Hartree-Fock (HF). Nonetheless, we shall show that even at such low level of approximation it is possible, in this case, to attain results that throw light on experimental data and/or more sophisticated theoretical calculations. All ribbons here investigated had the edge dangling σ bonds passivated by hydrogen atoms. [37, 38, 39, 40, 41] are included in the upper plot (see also [5] ).
D. Mean field solutions notation
Three types of electronic configurations are obtained by solving UHF-PPP on GNR, namely, paramagnetic (P), Charge Density Waves (CDW) and Spin Density Waves (SDW). First note that the P configuration here obtained slightly differs from the strictly free electron solution (U =0); this is due to the non-diagonal terms that the most general UHF approximation of the PPP model includes (see preceeding subsection). As regards charge and spin density waves solutions they can be classified as: S-CDW symmetric upon reflection through the y axis passing by the center of the ribbon (no excess charge in both zig-zag edges). A-CDW anti-symmetric upon reflection through the y axis passing by the center of the ribbon (excess or defect charge at the two edges, although neutral the two halves of the GNR). A1-SDW anti-symmetric upon reflection through the y axis passing by the center of the ribbon, positive z component of the spin S z in one edge and negative at the opposite. A0-SDW anti-symmetric upon reflection through the y axis passing by the center of the ribbon, but total z component of the spin S z = 0 on both edges. The SDW solutions are illustrated in Figs. (1) and (2) of this work and the CDW solutions in Fig. 9 of Ref. [11] , This notation will be used hereafter.
III. RESULTS
Fig . 3 shows the results for {m, 1 − 7}-GNR. For m ≤ 5, the gap decreases monotonically and smoothly with the ribbon length (or, equivalently, m). Apparently, for n=1,2 (upper panel) the gap tends to a constant as m increases, while it tends to zero for n=3-5. Beyond n=5 (lower panel), the CDW shows up 11 for a length m that decreases as n increases. The E g (3) , identical to that plotted in Fig. 3 , are depicted in Fig. 6c of Ref. [5] . Only the results obtained from the ωB97 and ωB97X functionals do reasonably agree with the available experimental data, although not as much as the results presented here as they are slightly higher. Fig. 4 shows the results for {1−7, n}-GNR. In this case the ribbon is paramagnetic for m=1-3 and all values of n shown in the Figure. As in the previous case, the gaps decrease smoothly and monotonically with n. However, it cannot be concluded whether they will or they will not vanish for infinitely long ribbons. On the other hand, for n > 3 and a value of m that decreases as n increases, the charge density wave shows up. Beyond that point the gap oscillates in an unpredictable manner. These oscillations are surely due to the increase of the number of edge states with n 14 .
We turn now to discuss the characteristics of the spin polarised solutions. Fig (5) shows te gap in {1-20,3-7}-GNR and {3-7,1-20}-GNR. In the first case, whereby the ribbon grows in the armchair direction at constant width, the gap varies smoothly with m decreasing monotonically beyond m > 2, coinciding with the size at which the SDW replaces the paramagnetic solution. In addition it varies in a manner consistent with the results reported in Ref. [14] , namely, the gap of the three families that can be differentiated goes as gap (2n = 3p) > gap(2n = 3p−1)> gap(2n = 3p−1), where p is an integer. Moreover, within each family the gap decreases with the ribbon wdith, compare results for n=3 with those for n=6. This qualitative agreement (remind that ribbons in Ref. [14] are infinite in one direction) is found for the LDA results reported in that work and not for those obtained with a one-electron tight-binding method which, among other features, predict a zero gap for the 3p + 1 family, no matter the ribbon width. Recent studies of {m, 3}
1 with m up to 48 provided the following results: i) experimental data (GW calculations) gave a gap between states localised at zig-zag edges of 1.8 (2.8) eV, a result almost independent of ribbon length, and, ii) a delocalised (or bulk) states gap that did vary with the ribbon length being around 2.8 eV for m = 48. Our calculations gave larger gaps around 4 (4.8) for localised (bulk) states that did not vary (decrease) with the ribbon length.
It should be mentioned that all results shown in the Figure correspond to A1-SDW solutions (left panel in Fig. 1 and upper and midle panels in Fig. 2 ). This solution shows, as discussed in Ref. [15] , half-metallicity. However, as already mentioned here, there is another SDW solution, referred to as A0-SDW, which has an energy very close to that of A1-SDW (only 0.002% higher) that, having a null total z-component of the spin on the zig-zag edge atoms (see right panel in Fig. 1 and lower panel in Fig. 2 ), cannot show half-metallicity.
Results for the gap in {3-7,1-20}-GNR are shown in the lower panel of Fig (5) . As in the previous case, the gap decreases with the ribbon length n, however a dramatic change is noted, namely, the smooth decrease observed beyond m > 2 in{1-20,3-7}-GNR, is replaced by oscillations as already observed in the case of CDW solutions. Confirming this behavior experimentally will discard this type of ribbon for technological applications 42 . The three HOMO having the highest energy and the three LUMO having the lower one are plotted in Fig. 6 versus the ribbon length, for {1-20,3}-GNR and {3,1-20}-GNR. Again it is noted that while in the first case energy levels, and in particular the band gap, vary (actually decrease) smoothly with the ribbon length m, in the second case they oscillate in an irregular manner (in comparing results of Fig. 6 with those of Fig. (5) note that the energy range in the former is twice that in the latter). Finally it is worth mentioning that while for n > 15 the two lower LUMO and two upper HOMO are almost degenerate, no degeneration is observed in ribbons elongated in the armchair direction {1-20,3}-GNR. This is in agreement with results reported in Refs. [43, 44] . ascribed to the fact that while energies vary over thousands of eV, they differ only in approximately 2 eV, i.e, less than 0.07%). This small energy difference, whose order of magnitude does not vary dramatically with ribbon size, may justify our conjecture concerning the possibility that many body interactions may favor the CDW solutions.
IV. CONCLUDING REMARKS
Graphene nanoribbons are one of the best founded hopes for a major jump in the microelectronics (nanoelectronics?) industry. Initial attempts of fabrication of nanoribbons found many dificulties that hindered obtaining GNR with well-defined shape and size. Very recently, the development of a variety of bottom-up techniques have led to the reliable production of not only ribbonns with arm-chair edges but also the far more difficult with zig-zag edges. Despite of the good performance of that technique, full control of ribbon shappe and length is not always easy. Avoiding the presence at the ribbon edges of vacancies and kinks is still a major problem. This may be the main cause of discrepancies that still exist amongst different laboratories. In addition, the large variety of theoretical tools used to tackle the problem not always agree The main result reported here concerns the different behavior of the energy gap vs ribbon length found for ribbons enlarged either in the armchair or the zig-zag directions. While in the former the gap varies smoothly with the length, it oscillates appreciably in the latter. Unfortunately we do not have any experimental support for this conclusion as most of the experimental studies concern ribbons with length varying in the arm-chair direction. A major unresolved question is whether there is any spin polarisation at the zig-zag edges. All mono-determinantal calculations, the present one included, indicate that it actually should be. However, as discussed here, charge and spin density waves solutions differ in few eV, while the total ribbon energy soon reaches ten thousand eV, making possible that many-body effects invert that order. As regards experimental verification, there is not yet a trustable strategy to explore the low energy spin physics at graphene nano-ribbons.
